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Employing a technique introduced by Gallagher, a simple derivation is given of 
Montgomery’s version of the large sieve in the setting of an algebraic number field 
of finite degree over the rationals. This inequality is applied to obtain an upper 
bound for the number of algebraic integers in certain parallelotopes which are not 
primitive roots for some prime ideals. The result can be considered as an 
approximation to Artin’s conjecture in number fields. ( 1986 Acddenuc Press, Inc. 
1. INTRODUCTION 
In 1927 E. Artin enunciated the famous hypothesis, now usually known 
as Artin’s conjecture, that for any given positive integer m other than a per- 
fect square there exist infinitely many primes p for which m is a primitive 
root modulo p. If so, does the set of all such primes have a density? 
These questions have attracted much attention over the years, and we 
shall not attempt to list all the approaches that occur in the literature. One 
intent of the present paper is to devote our attention to this central 
problem in primitive root theory in the setting of an algebraic number field. 
The generalization does not affect the status of the conjecture, and first 
results have already been obtained (see [9]). 
Let K be a fixed algebraic number held of degree n = I, + 2r2 (in the 
usual notation) over the rationals. Z, will denote the ring of integers in K. 
Let Pi ,..., P, be positive real numbers with P, = Pk+rz, k = rl + l,..., rl + r2, 
and P= PI.. . P, > 2. Define 
%=%(P)= {UEZ K; CI totally positive, Icc(“)[ <P,, k= l,..., n}. 
We ask for the number N(a, X) of prime ideals p in K with Ny < X for 
which a E ‘N is a primitive root mod p. Generalizing to number fields a 
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method given by Goldfeld [4] in the rational case, Egami Cl] succeeded in 
deriving the following result: 
Let PI= ... = P, and P < X. Then for any real number A > 1, 
Na,m=c, j:&+Oa{X(logX)-“j, 
c,=n l- 
( 
CQK,) f-3 K: 01 
P 1 P(P-1) ’ 
(1.1) 
for a fixed collection of nonassociated elements c( E % with at most 
0, {P9'10. (a,(5 log x+ l))‘+A+z), IJogx 
log’ 
exceptions of ~1. Here, [,, denotes a primitive p th root of unity and aK is the 
residue of Dedekind’s zeta-function in K This approach towards Artin’s 
conjecture in K has recently been improved by the author’s paper [7]: The 
asymptotic formula (1.1) is valid for all elements GC E ‘33 with at most 
o{x1”(NI~~2 lqx))“[ (log X)2A (log P) W--2}, $G!$z], 
exceptions of c(, providing that P < X2. o/(a) is the number of ways a can 
be written as a product of 1 algebraic integers, each of which lies in’%. 
In the special but important case of P= X2 we obtain 
O{P”2(lOg Py '} exceptional values of LX E 93. This result can be 
presented in a, somewhat weaker, alternative form. Let E(P) denote the 
number of integers c1 E % which are not primitive roots mod p for any 
prime ideal p with Np < P'j2 and (Np, 2) = 1. Then we have 
E(P) ea P1'2( log Pyl for A>l. (1.2) 
In this connection the following formula should be mentioned: 
1 1 = c(K). pm + O(pw-w))~ 
/?*t!R 
We note furthermore that, in view of Fermat’s theorem, 
(fi2)(“P ~ IV2 E 1 mod p if (/?, p) = 1, (Np, 2) = 1. 
The primary concern of this paper is to improve the estimate (1.2). Com- 
bining an idea of Gallagher [2] with a result of Huxley [8] on the large 
sieve in K, it is easily derived that the bound (1.2) holds with log P instead 
of (log pyl. Further improvement is possible, as we shall show. 
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In the special case of K = Q, Vaughan [ 131 reduced the exponent of 
log P in (1.2) to 1 -a, 0 -C a -C 1, using more elaborate asymptotics and 
calculations based on Wirsing’s theory of multiplicative arithmetic 
functions. Generalizing to number fields in an appropriate way this method 
given by Vaughan, we obtain 
THEOREM 1.1. E(P)4 P”‘(log P)’ U, where 
a= ‘f n 1 - [Q(i,) n K: CJ] p~~+(p--b-‘m , 
m=l p i 
the product being extended over rational primes p. 
The proof of this theorem makes use of Montgomery’s arithmetic for- 
mulation of the large sieve in the setting of an algebraic number field. We 
derive an upper bound for the number of elements a E ‘8 which remain after 
a given set of residue classes has been removed. 
THEOREM 1.2. Let Q 2 1 be u real number. For each prime ideal p 
satisfying Np < Q suppose that f(p) ( < Np) distinct residue classes mod p 
are chosen. Then the number of integers CI E $3 which do not belong to any qj 
the given residue classes is at most 
4(Q’+ P) S-‘(Q), (1.3) 
where 
S(Q)= 1 p2(q) n ‘(‘) 
hGP p,q NJ -f(p)' 
This estimate should be compared with a result of School [ll], who has 
proved a version of (1.3) with an explicit 4-constant, on the lines of 
Montgomery’s paper [lo]; but he needs to impose on Q a restriction of 
type Q* < cP for some constant c = c(K) < 1. In our application of 
Theorem 1.2 we shall choose Q = P “* Employing a technique introduced , 
by Gallagher in [3], we give here a simple and direct proof of (1.3). In our 
approach the basic inequality of the large sieve method is used in a charac- 
ter sum form involving proper additive characters. 
For the proof of Theorem 1.1 we shall remove from 94 the f(p) = 
d(Np - 1) residue classes of primitive roots mod p, for each prime ideal p 
satisfying Np < P1l2 and (Np, 2) = 1. One of our main objectives will be to 
investigate the behaviour of the function 
(Nq.21= I 
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Here, the basic idea is analogous to the one used by Vaughan in the 
rational case. Consequently, we derive first the asymptotic formula 
c &NJ-~) x a.-++ ,vpd,y N.wWP-U= 1wX &- (log log X)-2 . (1.4) 
(NP,Z) = 1 
A new difficulty in number fields lies in the fact that the prime ideals p with 
Np E 1 mod q are distributed only over til(q) ( <b(q)) residue classes 
mod q, where 4,(q) denotes the order of the idealnorm residue class group 
mod q. 
Using the method of variation of parameters, formula (1.4) leads us to a 
suitable bound for S,(P). The argument presented here shows that the full 
theory of multiplicative functions, due to Wirsing [14], can be avoided. 
The positive constants c1 ,..., c7 in the sequel and all the constants implied 
by the + and 0 symbols depend at most on the field K. Throughout, small 
Germain letters stand for integral ideals of K; particularly, p always 
denotes a prime ideal. Finally, the letter p will be used for rational prime 
numbers only. 
2. MONTGOMERY'S SIEVE IN K 
We shall begin this section by explaining how inequality (1.2) can be 
extended to 
E(P) * P1i2 log P. (2.1) 
Our account will be based on the following version of Huxley’s result on 
the large sieve in K. 
LEMMA 2.1. For any additive character CJ mod q, let 
Z(o)= 1 c(a) fJ(@), 
ac% 
where the coefficients c(a) are arbitrary complex numbers. Then, for Q > 1, 
N;Q g;d~lZ(412+(Q2+f’). 1 Ic(a)l’. 
as% 
The star indicates (here and later) summation over proper additive characters 
mod q. 
Proof Let ,u, ,..., ,u,, be an integral basis of K, so that every u E 93 is 
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representable uniquely as c1= I, p, + . . + i,,~,,, where I, ,..., I, are rational 
integers. It is convenient to assume for the computations that 
c, . P’l” < P, < cz . P”‘“, k = I,..., n. (2.2) 
If the Pk do not obey the inequalities (2.2) one can restore (2.2) by mul- 
tiplying the U’S by a suitably chosen totally positive unit of K (cf. [ 12, 
Hilfssatz 61). Applying Cramer’s solution formula, we find 
/f;l 6 CJ Pl’“, ,j= 1 ,..., n. 
Let 93, = {<EZK; ~=I,P,+ ... +I,p,, Iljl <c3P’ln, j= l,..., u). If we put 
i 
45) 
c’(4)= o 
if 5 E 93, 
if 54% 
then Huxley’s result [8, Theorem 21 implies that 
<(Q’+P,. 1 Ic(a)l”. 
This proves Lemma 2.1. 
Suppose now that f(p) ( <Np) distinct residue classes mod p are given 
for each prime ideal p satisfying Np 6 Q. We take C(M) = 0 whenever c1 E ‘93 
falls in one of these classes and C(U) = 1 otherwise. Our method starts from 
the formula 
taking account of a connection between additive characters and residue 
classes at the last step. Cauchy’s inequality gives, in view of the hypothesis, 
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Hence 
(2.3) 
It is well known that there are exactly d(Np - 1) incongruent primitive 
roots mod p. For each prime ideal p satisfying Np < PI/* and (Np, 2) = 1, 
we remove the j(p) = #(Np - 1) residue classes of primitive roots mod p, 
so that 
In view of (2.3), an application of Lemma 2.1 leads us to the estimate 
E(P)&P c 
1 
4WP-1) -’ 
i Np<pllZ NP-4(NP- 1) . 
(Np>) = 1 
It remains to deal with the sum in curly brackets on the right. 
LEMMA 2.2. 
c 4th’~ - 1) 
Np<pw NP-&NP-1) 
% P”2(lOg P) ~ 1. 
(Np.Z)= 1 
Proof We start from the inequality 
c #(NP- 1) > c d(Np- l)+O(l) 
,vp<puz NP-&NP-~) Np<pm NP-1 ’ 
(NP.2) = 1 
where O( 1) takes care of those prime ideals p whose norm is even. Making 
use of Cauchy’s inequality and the prime ideal theorem, we have 
c WP-1) c Np-1 
Np < P’l* Np-1 Np < P”’ GW’P- 1)’ 
It is easy to verify that 
c 
Np-1 
Np < pw ~(NP - 1) 
<Xi c 
4 < p,,z 9 p ~ p,,z ’ + p1’4 log ‘. 
P= lmoy 
641/22i3-7 
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Applying now the rational Brun-Titchmarsh theorem to the terms 1 d q d 
log P and the trivial estimate for log P < q d P’!‘, we obtain 
c Np-1 Np<p,i2 qj(Np- 1)4p1’2(10gp) ‘. 
This completes the proof of Lemma 2.2. 
As we have indicated in the Introduction, we shall now show how (2.3) 
can be extended to a result involving squarefree ideals instead of prime 
ideals. 
Proof of Theorem 1.2. Let (T,(M) be a proper additive character mod q. 
It follows from the general theory that a,(ccr) runs through all proper 
additive characters mod q as y runs through the relatively prime residues 
mod q. Hence 
c* IZ(oN2= 1’ 1 c(a) a,(ay) 2; 
amodq ymodq zt!Jl 
the dash indicates that summation is restricted to those classes which are 
coprime with q. Let q = q, p, (q i , p ) = 1. We determine v, p E Z, by 
(v, q) = p, (p, q) = q, and generalize in an appropriate way the argument 
introduced by Gallagher in [3]. First, 
czd; IZW12= 1’ 
yimodql ylmodp ~~‘33 
= 
C’ 
rmodql 
{ c* 1 c c(a) a,(v) da) 2 
umodp ae% !I 
3 C’ 
f(P) 
c c(a) o,(v) 2 
ymodql Np -f(p) as% 
At the last but one step we have applied (2.3) on replacing c(a) by 
c(a) o,(ay). Proceeding by induction on the number of prime ideal factors 
of the squarefree ideal q, we arrive at 
Now the desired result, namely (1.3), follows from Lemma 2.1. 
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3. VAUGHAN'S THEOREM IN K 
Our object in this section will be to prove Theorem 1.1. Making use of 
(1.3) and arguing in the same way as at the corresponding stage in the 
proof of (2.1) we find that 
E(P)<P.S;‘(P), (3.1) 
where 
the dash at the sign of summation now indicates that q runs only over 
ideals with odd norms. To estimate S,(P) we have first to seek an 
asymptotic formula for the sum 
Here, our method is similar to the one given by Vaughan in [13]. Let us 
start by quoting from the prime ideal theory the relation 
Clearly d(Np - 1) 6 +(Np - 1) for odd Np, such that 
LEMMA 3.1. For every natural number M, 
m<M NpcX 
Proof Since $(A$ - 1) < $(A+ - 1) for odd Np, we have 
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Hence 
If we take note of (3.2) we see that the proof is complete. 
LEMMA 3.2. Suppose that 1 < q < (log X)3. Then 
c I= 
Np<X 
Np E I mody 
where 4,(q) denotes the order qf the ideal-norm residue class group mod q. 
Proof. This lemma is a very special case of Korollar 1.4 in [6]. 
Let [, be a primitive qth root of unity. According to class field theory we 
have (see, e.g., [ 1 ] ) 
d,(4) = [IQ(L/): Qc/) f-l a = [Q((,) n K: Q]’ 
P-l 
41(q)=; [Q((,)nK: O] 
if p?(q) = 1. 
(3.3 1 
LEMMA 3.3. There exists a positive constant c4 such that, ,for each m 3 1, 
+o 
i 
X 
logz 
exp(c,(m log m + m)) 
I 
Proof. We apply the Mobius inversion formula to the sum under con- 
sideration, and obtain 
where L = [q i ,..., qm] denotes the least common multiple of q, ,..., qm. Let 
us dissect the last expression into two terms T, and T, corresponding to 
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L < log3 A”, L > log3 X, respectively. By Lemma 3.2, for the values of 
qi,-*, qm in the first range we have 
T,= c, P(41)..‘P*(%J 
41 ‘“+?ql 41”‘Ym ),(L~ogxjl+o(&)}~ 
L<log x 
For T2, we use a trivial estimate, and get 
These formulas and the fact that L213 G #(L) 4 4,(L) lead us to 
Taking account of Lemma 4.3 in [13f we arrive at 
=x 1 P(41).‘-PG?m) 
logxq,....,qm 41--.4mch(~) 
+ o(x”2 log” X> 
+o 
i 
x 
- exp(c,(m log m t ~2)) log2 x I 
_ 
Further, by (3.3), the infinite sum on the right may be written in the form 
This completes the proof of Lemma 3.3. 
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LEMMA 3.4. We have 
where the constant a is defined in Theorem 1.1. 
Proof: We see immediately from (3.3), 
16 [Q(i,)nK: 01 <&P)=P- 1, 
so that 
o<(~-l-Co;D(S,)nK:Ql)~“+(~-l)“CQ(:,)~~:Q1<l 
P 
??I+1 
-Pm 
and 
2m-(2- 1)” 
l- CQe(i2)nK: Ql 2m+, -2m =r”. 
It is easy to confirm that then 
If now we appeal to Lemmas 3.1 and 3.3 we are able to conclude that 
x 
a-+0 
x 
= log X ( 1 2M log x 
+ O(X”2M(lOg A-)“) 
+ O(log log X) + 0 
( 
xiv 
2 
log x 
exp(c,(M log A4 + M)) 
> 
. 
For M= [log log X/c, log log log X], c5 sufficiently large, the lemma 
follows at once. 
Let 
1 
b(l- 1) 
F(f)= l-d/-- 1) 
if (I, 2) = 1, 
(0 if (1,2)>1 
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Making use of Lemma 3.4 a straightforward application of partial sum- 
mation yields 
We are now in a position to give the 
Proof of Theorem 1.1. In view of (3.1), we have to estimate the function 
We enlarge upon an approach used already, in principle, by the author in 
[7, Lemma 2.53. Let p be a prime ideal with Np G X and (Np, 2) = 1. Then 
= C’ P2(9) T +p .,z;,, /2(q) c!$ 
N’q<.Y 
(%P)‘l (%P)== I 
If we replace X by XjNp in this formula and rearrange the terms suitably, 
we find that 
G(q) ” Nq P%) - Nq < XINP 
(q.pf= 1 
(c&P)= 1 
Using this identity, it is easily seen that 
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G(q 1 log Nq ,v;:y “(” Nq 
x Npl~x,Nq (g2 1% NW 
(p,q) = 1 
For the first inner sum we have at our disposal (3.5), according to which 
F(W) c- 
NP < XINq NP 
logNp=rr.log$+O 
Using the fact that F(f) < 1, we obtain for the second inner sum 
Np2;y,Nq (F)2 log NJ G; F< 1. 
These estimates now yield 
C’ p2(q) 
G(q) log Nq 
Nq<X 
Nq 
If we introduce the function 
this formula may be written in the form 
G(q) 
=(a+l)Z(X)+R(X) 1ogx. 1’ ,12(q)N9, 
Nq < X 
where 
R(X) 6 (log log X) -2. 
A NOTE ON ARTIN’S CONJECTURE 347 
It therefore follows that 
if X is sufficiently large. 
Arguing now in the same way as in [S, p. 1501, we arrive at 
2’ g(q) !3!& c,(log x-y { 1 + O((log log X))‘)}. (3.6) 
Nq<X 
For the sake of completeness we repeat the simple proof. Let 
i 
a+1 
ny) = 1% (log y)a+ 1 I(Y) 
I 
’ 
If Y is sufficiently large, then 
a+1 I’(Y) a+1 T’(Y)= -___ ~ R(Y) 
Ylog Y+I(= Ylog Y 1 -R(Y) 
< YP’(log Y)-’ (log log Y)-‘, 
so that the integral s? T’(Y) dY is convergent. Hence, with some constant 
a+1 
(log xy+ 1 
Z(X) = exp T(X) = cg exp 
0 
- m T(Y)dY 
X I 
= c,{l + @(log log x,-‘)I; 
in other words 
Z(X)=2 (logx)“+’ (1 +o((loglogX)-I)). 
To complete the proof of (3.6) we have only to observe that 
1 
I-R(X)=l+ 
NJ-1 
1 -R(X) 
= 1 +O{(loglogX)-‘}. 
It is possible to determine the constant c6 in (3.6) by the same method as in 
[S, p. 1511. However, we do not require the value of c6 in the sequel. Next, 
we study the function 
,cc: p’(q) G(q) 1% Nq. 
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Using the abbreviation L = log X(log log log X) -‘, this sum is equal to 
,;: dq) G(q) c log NP 
Plq 
= 1’ p*(s) G(q) G(P 1 log NP 
NqNp C X 
(p,q I = 1 
= 1’ p’(q) G(q) G(P) log NP - c’ p*(q) G(q) G*(P) log NP 
NqNpGX NqNp2 C X 
(PA) = 1 
= ,;: cL’(q) G(q) { c F(Np)logNp- c ~*OWlogW 
NP < XINq NP= < XINq 
(p.qj= 1 
= ,,F;,, p*(q) WW~I + X,L<Nq<X p*(q) G(q){-+ c’ 
In the first inner term we use (3.4); but for the second inner sums we are 
satisfied, taking note of F(I) d 1, to obtain the estimate 
1 CW)logNp- 1 F*(Np) log Np 
NP G XlNq NpL < X/Nq 
cp.q1= 1 
From these remarks we deduce readily 
N;‘y i&d G(q) log Nq 
=a.X. 1’ p2(q)3!$ { 1 + O((log log log X) ‘)} 
Nq<X 
+ 0 {log X(log log log X) ~ 2 x,L<;:,<x dd G(q)). 
A straightforward partial summation shows that 
C’ p’(q) G(q)+(logJ’-’ 1’ p2(s) G(q) log Nq. 
X,JL < Nq <X Nq<X 
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Accordingly (3.6) leads us to the asymptotic formula 
N’; $(d G(q) log Nq = c,JWx XY { I+ fX(log log log W’)}. 
If now we apply Abel summation again, we see that 
S,(P)=S(P”2)~Pp”*(logP)“-‘. 
In view of (3.1), this completes the proof of Theorem 1.1. 
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